POLYNOMIAL BASES FOR COMPACT SETS
IN THE PLANE

BY
VICTOR MANJARREZ

1. Introduction. This work is essentially a generalization, in two directions, of
theorems about the Taylor series expansion of functions analytic on the closed
unit disk in the plane. In the first place, using work of J. L. Walsh, we replace the
closed unit disk by any compact set E whose complement E’ is connected, and regu-
lar in the sense that E’ has a Green’s function with pole at infinity. Such a set E
will be called a coregular set. In the second place, as a generalization of work of B.
Cannon and J. M. Whittaker, the Taylor series expansion is replaced by a large
class of expansions of the form:

(L.1) @) = Z AP2)

where (P,) is a simple polynomial basis (that is, each P, is a polynomial of exact
degree k) which depends on E but not on f; each A, is a constant depending on f,
and the convergence is uniform on each compact subset of some open set O con-
taining E. Such convergence will be called compact-open on E or compact-open in O.

The polynomial bases we study will be shown to give rise to maximal convergence
as defined by Walsh. We shall state and prove, for such bases, exact analogs of
Ostrowski’s theorems concerning the relation between overconvergence of the
Taylor series and lacunary structure of the Taylor series. Finally, the class of bases
for which our results hold will be shown to include certain classical polynomial
bases, such as the Faber polynomials and all kinds of orthogonal polynomials.

This work represents part of a thesis done under the direction of Professor J. L.
Walsh. It is a pleasure to acknowledge his interest, encouragement, and help,
which were invaluable throughout the thesis work.

2. Some notation. Let E be a coregular set and let F be the Green’s function
with pole at infinity for the complement E’ of E. Let K=lim,_,,, |z| exp (— F(2)).
K is called the capacity or transfinite diameter of E. We shall assume K>0. For
each extended real number x=1 let E, be the set of all z such that z is in E or
exp (F(z)) < x, and let L, be the boundary of E,.

Let (Z,) be a sequence of points of E such that, if fis any function analytic on E
and S, is the interpolation polynomial for f in the points Z,, ..., Z,,,, then the
sequence (S,) converges to f uniformly on E. S, is called the nth interpolation
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polynomial for f in the points (Z,). Let Qu(2)=1, Q.(2)=(z—Z,)---(z—Z,). We
shall call (Q,) the interpolation basis for E in the points (Z,).

The largest positive extended real number X such that f'is analytic in Ey will be
called the modulus of analyticity of f with respect to E. Note that S,(z)=>% B,.Q(2)
where

@1 B = (1200) [ (f@)]Qurr@)) 2

for any y such that 1<y<X. Thus f(z)=>¢ B,Q,, where the convergence is
compact-open in Ey, and

2.2 lim sup |B,|'™ = 1/KX.

> B,Q, is called the interpolation series for f in the points (Z,). See Walsh
[9, pp. 65, 74, 170, 159, 157, 52-54] and [8, p. 606] for the above definitions and
assertions.

Let B=(B,) and Q=(Q,) be sequences, and let D=[D,,] and G=[G,,] be
infinite matrices. D-G will denote the matrix product of D and G whenever all the
series thus defined converge. B-G, G- Q and B- Q are defined by considering B as a
matrix with one row and Q as a matrix with one column. |B| will denote the
sequence (|B,|) and |D| will denote the matrix [|D,|], while N(B) will denote
lim sup |B,|*'". We will sometimes write N(B,) for N(B).

3. Effective polynomial bases. For the remainder of the paper let Q=(Q,) be
an interpolation basis belonging to the coregular set E, with capacity K>0. Let
P=(P,) be any simple polynomial basis, and let G=[G,,] be the (unique) matrix
of complex numbers such that

3.1 On= D GuP. (=0,1,2...)
k=0
Note that (3.1) can be written Q=G P, and that G is lower triangular. For each
x=1 let M(x)=(M,(x)), where
3.2) M, (x) = (max |P,(z)|, z on L,) n=0,1,2,...).
Let R(x)=(R,(x)) be defined by

3.3) R, (x) = i | G| Mi(x) n=0,1,2,...),

and define I(x)=1im sup (R,(x))*'. Note that R(x)=|G|- M(x) and I(x) = N(R(x)).
By the maximum principle, I(x) < I(y) when x £ y. Moreover, | Q,(z)| = R,(x) for
z on L,, and since

(3.4) lim | @,(2)[*" = K exp (F(2))

where the convergence is compact-open in E’ [9, p. 159], we have I(x)= Kx for
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x> 1. The fact that I(1)= K follows from the lemma in [9, p. 77], applied to the
(Qn(2)) on L,.

LeEMMA. I(x) is independent of Q.

Proof. Let g=(g,) be any other interpolation basis for E. Let g=[g,.] be the
matrix such that g=g-P, and let r(x)=|g|- M(x). We wish to show that N(r(x))
= N(R(x)). Let D be the matrix such that Q = D-q. Note that D is lower triangular
and D,,=1 for all n. Also, since D and g are lower triangular and P is a basis, we
have G-P=Q=D-q=D-(g-P)=(D-g)-P,so G=D-g.

We consider first the case K=1. Let y be any number greater than 1. From (2.1)
we get

Du = (112 [ (@@t 1r(2)
so that '
Ianl § c(max lQn(z)la zon Ly)/(mm qu+1(z)l’ zon Ly)

where c is a positive constant. Applying (3.4) with K=1 to Q and ¢, we get

lim inf (min (min |g;,,(z)],zon L),k =0, 1,...,m)* 2 1

and
lim sup (max |D,|, k =0, 1,...,n)"" < .
n

Since this is so for all y>1, and since | D,,|=1 for all n, we get

3.5) lim sup (max | Dy, k =0, 1,...,n)!'" = 1.

Now N(R(x))=N(|G|- M(x))=N(|D-g|- M(x)) N(|D|-|g|- M(x))=N(| D| -r(x)).
But N(|D|-r(x)) £ N(r(x)) because of (3.5) and the fact that N(r(x))= Kx=x2=1.
Reversing the roles of r and R we get N(r(x)) £ N(R(x)) and so N(r(x))=N(R(x)).
This completes the proof of the lemma for the case K= 1. The proof for the general
case follows from a consideration of the polynomial basis (P,(Kz)), on the set
(1/K)E=the set of all z such that Kz is in E, since (1/K)E has capacity 1. The
corresponding interpolation bases are (Q,(Kz)/K™) and (g,(Kz)/K™). This completes
the proof of the lemma.

DEFINITION. P is called effective on Cl (E,)=the closure of E, if and only if, for
some interpolation basis @, any function f analytic on Cl (E,) can be expanded in
the form (1.1), the convergence being uniform on Cl (E,), with 4=(4,) defined by

(3.6) Ac= D BiGu (k=0,1,2,..)),
n=0

where B is defined by (2.1) for some y > 1, and G is defined by (3.1). Note that (3.6)
can be written A=B-G.

THEOREM 1. P is effective on Cl (E,) if and only if I(x)=Kx.
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Proof. Let I(x)=Kx for some x=1 and let f be analytic on CI(E,). Let
f=B-Q for some interpolation basis Q, define G by (3.1), and define 4 by (3.6).
From (2.2) it follows that N(B) < 1/Kx, while N(R(x))=Kx, so |B|- R(x) converges
absolutely. Thus f=B-Q=B-(G-P)=(B-G)-P=A-P, where the absolute con-
vergence of |B|-R(x) implies the convergence of every term in B-G and the
uniform convergence of 4-P on Cl (E,), as well as the equality B-(G-P)=(B-G)-P.

Conversely, let I(x)# Kx and let X be any number such that Kx < KX < I(x).
We construct a function f;, with modulus of analyticity X with respect to E, such
that f cannot be expanded in the necessary way. Let C,=(G,,) be the kth column
of G, and let B=(B,)=(1/(KX)").

Case 1. Suppose that for some k, B-|C,| does not converge. Choose real numbers
(yn) such that G,.=|Gy| exp (iy,) and let b=(b,)=(exp (—iy,)/(KX)"). Define
f=0b-Q. Then from (2.2) f has modulus of analyticity X, but f cannot be expanded
in the necessary way, since if it could, then A4,=b-C,=B-|C;|, which is a
contradiction.

Case 2. Suppose B-|C,| converges for all k. If M is defined by (3.2) then

KX < I(x) £ lim sup (max |G| Mi(x), k =0, 1,...,n)t"

and so there exist sequences n(j) and k(j) of positive integers, with n(j) strictly
increasing, such that

3.7 | Grepen| Miei(x) > (KX )™

Now the terms G, cannot all belong to a finite number of the C,, since if
infinitely many belong to C, for some k, then B-|C,| would not converge. Conse-
quently we may assume that k() is also strictly increasing. Choose three sequences
u(j), v(j) and w(j) of positive integers in the following way: let u(1)=n(1),
v(1)=k(1). Choose w(1)>u(1) such that

©

> Gruwl(KX)*

h=w(1)
If u(j), v(j) and w(j) have been chosen, choose u(j+1) and v(j+1) such that
u(j+ 1) =n(r), v(j+1)=k(r) for some r, u(j+1)>w(j), and G,y +1,=0 for n< w(j).
This last requirement can be met by taking v(j+1)=w(j). Finally, choose
w(j+1)>u(j+1) such that

@

Z G+ /(KX < (1/2)|Gugs + 10 + | [(KX)HI+D,
h=w(f+1)

Let b=(b,) where b,=1/(KX)" when n=u(j) for some j, and b,=0 otherwise.
Define f=5b- Q. From (2.2) f has modulus of analyticity X. Now for all j,

@

[4up] = b Coip| = |Gugnin/ (KX )"(j)'i‘hz bGrupy
S0
> (1 2)|Gu(f)v(f)l/ (KX)o,
[Auin| Mun(%) > (1/2)| Guipyoen| MoK XD > 1/2

< (1/2)| Guaywen | (KX )P,

Thus
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by (3.7). Thus 4-P does not converge uniformly on L,. This completes the proof
of the theorem.

Because of Theorem 1, the function I, defined for all x> 1, is called the index of
effectivity of P on E. By [9, p. 771, M,(y) =(y/x)"M,(x) whenever x<y, and so
I(y) £(y/x)I(x). Together with the fact that I(x) < I(y) whenever x < y, we conclude
that either /(x)=oo for all x=1 or else [ is finite-valued and continuous for all
x2=1. Moreover, suppose P is effective on CI (E,) for some x and let y be any
number >x. Then I(y) 2 (y/x)I(x)=(y/x)Kx=Ky, and since I(y)= Ky, we get
I(y)=Ky, so P is effective on Cl (E,).

Because of the lemma, we know that the effectivity of P does not depend on the
interpolation basis Q. The coefficients 4 in (1.1) also do not depend on Q when P
is effective, a consequence of

THEOREM 2. Let P be a simple polynomial basis, and let f(2)=>§ A,P.(z), where
the convergence is absolute and compact-open on an open set containing Cl (E,) for
some x 2 1. Let G be defined by (3.1) for any interpolation basis Q, and let C, be the
Jth column of G. If N(C;) < Kx for some j, then A;=B-C;, where B is defined by
@.1).

Proof. Let A=(4,), and let y be any number >x such that A-P converges
absolutely and uniformly on L,. From (2.2), N(B) < 1/Ky < 1/Kx, while N(C,) £ Kx
so B-C, converges. Let D=[D,,] be the matrix inverse of G (G is lower triangular
with nonzero diagonal elements). Then P=D- Q since D and G are lower triangular,
and from (2.1) we conclude that D is given by:

(3.8) D = (1200) [ (P@)/Qers(2) de.
Again from (2.1) we get for each k:
B = (1f2ni) [ (/s de
= 3 4 | PN QuE) dz = 3 AuDu

Thus B=A- D. Since 4-P converges absolutely and uniformly on L,, the function
H defined by: H(z)=232-o |A.Px(2)| is continuous on L,. Therefore from (3.8),
the kth term of |A4|-|D| satisfies the following:

2. 4] | Dl
n=0

IA

1j@n) 3 |4 f |Pu(2)] Q2] |dz]

@n) [ (HE/1Qu s |de] S Jimin | Qess(2) 2 on L)

where J is a positive constant. From (3.4) we conclude that N(|4|-|D|)<1/Ky, so
(l4]-|DJ])-|Cs| converges. Therefore, B-C,=(A-D)-C,=A-(D-C,)=A, This
completes the proof of the theorem.
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COROLLARY. Let P be effective on Cl (E,) for some x=1 and let f be analytic on
Cl1 (E,). Then the coefficients A in (1.1) are unique.

Proof. Let f=B- Q for any interpolation basis Q, and let X be the modulus of
analyticity of f. From (2.2), N(B)=1/KX, and so, if R(x) is defined by (3.3), then
from the first part of the proof of Theorem 1 we see that | B|- R(y) converges for all
y such that N(R(»)) < KX. But from the remarks following Theorem 1, N(R(y))= Ky
for all y=x, so the convergence of |B|- R(y) is compact-open on 1 <y< X. Thus
the convergence of 4 - P is absolute and compact-open in E,. If G is defined by (3.1)
then |G,;| < R,(x)/M,, so that if C; is the jth column of G then N(C;)<N(R(x))
=I(x)=Kx. This completes the proof of the corollary.

See Whittaker [10, pp. 5-12, 18-20, 60-62] for the definitions and results in this
section (except the lemma) for the special case E=the closed unit disk, Q,(z)=2z"
for all n. Whittaker also treats effectivity in E, for this special case, and many of
those results can also be generalized.

4. Maximal convergence. Suppose fis analytic on E with modulus of analyticity
X. For each n let S, be a polynomial of degree n, and let m=(m,) where m,
=(max | f(z)— Sa(2)|, z on E). If N(m) < 1/ X then (S,) is said to converge maximally
to fon E [9, pp. 79, 80].

THEOREM 3. If P is effective on E then P always gives rise to maximal convergence
on E.

Proof. Let f be analytic on E with modulus of analyticity X. Then f=A4-P,
where 4= B- G, B being defined by (2.1), and G by (3.1) for any interpolation basis
Q. Now if x is any number such that 1 £ x < X then, from the first part of the proof
of Theorem 1, 4-P=(B-G)-P=B-(G-P)=B-Q on L, and therefore on E. If
M (x) and R(x) are defined by (3.2) and (3.3), then for z on L, we have:

© o

< > 14 1P|

k=n+

= APi(2)

n+1l

@3, 4P

k

@

= i (mlefl lijl)Mk(x)§ Z | Bj| R,(x)

k=n+1 \j= j=n+1

since G is lower triangular. From (2.2) and (3.4) we get:

o

1/n

lim sup( Z |B,|R,(x)) : < x/X.
.n j=n+1

Letting x=1 completes the proof of the theorem.

It is not true that every simple polynomial basis which gives rise to maximal
convergence is effective. For example, let E be the closed unit disk, which has
capacity K=1. Let Q,(z)=z" for all n. Let x be any number >1. Let Py(z)=1,
P (z2)=(z—x)z"~* for all n21. If G is defined by (3.1) then G,,=x""%, so
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I(1)zx>1, and by Theorem 1, P is not effective on E. On the other hand, any
function analytic on E can be expanded in the form (1.1), with maximal convergence
[9, p. 159].

The effectivity of a polynomial basis P on Cl (E,) for some coregular set E and
some x =1 does not imply anything about the maximum values of |P,(z)| on L,.
For, suppose P is any polynomial basis and let (7,) be any sequence of nonzero
complex numbers. Let p=(p,)=(T.P,) and let g=[g,.] be defined by Q=g p,
where Q is any interpolation basis. For any x> 1 let M (x) and R(x) be defined by
(3.2) and (3.3), let m(x)=(m,(x)) be defined by

my(x) = (max |p,(z)|, zon L,) = |T,|(max |Py(2)|, z on L,) = |T,| M,(x),

and let r(x)=|g| -m(x). Now if Q=GP then g,.=G/T; and so r(x)=|g| -m(x)
=|G|- M (x)= R(x). Thus the values of the index of effectivity are unchanged if the
P, are multiplied by nonzero constants, and so, from Theorem 1, effectivity is
unaffected.

We may therefore assume, when it is convenient, that P is made up of monic
polynomials. On the other hand, with this assumption we have N(M(x))=Kx.
In fact, we even have:

THEOREM 4. Let P be effective on Cl (E,) for some x=1, and suppose every P,
is monic. Then lim (M ,(x))*'*=Kx.

Proof. Let D be defined by P=D- Q for any interpolation basis Q. Then D is
given by (3.8) for any y > 1. Moreover, D,,=1 for all n, since P, and Q, are monic.
Let (M, (»)) be any subsequence of M (y). Then from (3.8):

1 £ c(max |Pym(2)|, z on L,)/(min | Qymy+1(2)], zon L)

where ¢ is a positive constant. From (3.4) we get Ky <lim sup, (Mm(»))**™. On
the other hand, since D,,=1 for all n, My,)(») £ Ry (»), s0O

(.9 Ky = lim sup (M, (9))™*® = 1(y),

for all y>1. Now if x> 1 then (3.9) and Theorem 1 show that

lim sup (M (X)) ™ = Kx
for every subsequence of M (x). Therefore the theorem is proved for x> 1. If x=1
then (3.9) shows that lim sup, (M, (1))*™ < Ky for all y>1 so

lim sup (Mym(D)V ™ < K,

n

while [9, p. 77] and our theorem for x>1 show that lim sup, (M,,(1))}*™ > K,
so the theorem is proved for x=1. This completes the proof of the theorem.

COROLLARY. Let P be effective on E and suppose every P, is monic. Let f be
analytic on E, with modulus of analyticity X. If A=(A,) is defined by (1.1) then
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N(A4)=1/KX. Moreover, if O is any bounded continuum, not a single point, in E’,
then
lim (max |P,(2)|, z in O)** = K max (exp (F(2)), z in O).

Proof. Since A-P converges maximally on E, N(4,M,(X))=1 [8, p. 606]. Thus
N(4)=1/KX. Now let x=(max exp (F(2)), zin O), and let m,=(max | P,(z)|, z in O).
From the maximum principle and the theorem, N(m,) < Kx. Suppose there exists a
subsequence (M) such that lim, (m,,)*"*™ < Kx. Let a,=1/(Kx)’ when j=k(n),
a;=0 otherwise. From the theorem, N(a;M,(y))=y/x forall y2 1, so a- P converges
maximally to a function with modulus of analyticity x. But N(a;m,) <1, which
contradicts [8, p. 606]. This completes the proof of the corollary.

5. Overconvergence. Suppose f'is analytic on E with modulus of analyticity X.
Let P be any simple polynomial basis effective on E, and let S,=>7_, 4,P;, where
A=(A,) is defined by (1.1). From the first part of the proof of Theorem 1, (S,)
converges uniformly on any compact subset of Ey. Now (S,) cannot converge
uniformly on any neighborhood of a point of Ly [9, p. 83], but it may happen that
for some strictly increasing sequence n(k) of positive integers, (S,x,) converges
uniformly on such a neighborhood. When this happens we shall say that (S,,)
overconverges on the neighborhood. (Such overconvergence does occur. For
instance, if (0,) is a sequence of mutually disjoint, simply connected regions such
that O; contains E, but not Cl (E,) for some x> 1, then there exists a function f,
analytic in each O,, with modulus of analyticity x with respect to E, and a simple
polynomial basis P, effective on E, such that a subsequence (Sy,) of (S,) converges
to f uniformly on every compact subset of every O,, but does not converge uni-
formly on any region properly containing some O,. See Bourion [1, pp. 268-270]
for the proof in the special case E,=the unit disk, P,(z)=2z". The proof can be
generalized, with P=any interpolation basis belonging to E.)

Let f be analytic on E with modulus of analyticity X, and let P be any simple
polynomial basis effective on E. Let Y be some positive number <1 and let n(k)
be a strictly increasing sequence of positive integers. Let H be the set of all integers
j such that Yn(k)<j=<n(k) for some k. If 3,y A;P; converges compact-openly in
E, for some x> X, we shall say that A-P is of lacunary structure with respect to
n(k), since A-P is then the sum of a series with gaps and a series with a larger
modulus of analyticity than f.

THEOREM 5. Let f be analytic on E with modulus of analyticity X, and let P be
effective on E. If the sequence (S,) of partial sums of (1.1) has a subsequence (Sn))
which overconverges on some neighborhood of a point of L,, then (1.1) is of lacunary
structure with respect to n(k).

Proof. Let Q be any interpolation basis for E and let G be defined by (3.1). For
fixed n, Sn=2;‘=o Aij—':Zg:o bthh thre, by (2.1),

ban = 1/(2i) f (S:(2)/On+1(2)) dz
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for any y> 1. Choose y such that y > X and the distance from L, to E'is > 1. Since
Q=GP and P is a basis,

4; = 1/(ri) Zj Gus [ (Su@10n 12D ds

for all j<n. Thus if J is the length of L, divided by 2=, then

J(max |S,(z)],zonL,) <
5.1 4 s — G
(CRY | il (min |Q1+1(z)|’ zonL,) ;;Z; ] hjl

for all j<n, since |Q,,1(2)| £|Qx+1(z)| for all j<k and all z on L,. As was pointed
out immediately before Theorem 4, we may assume that every P, is monic. Since
(S, overconverges, we have

(5.2) limksup (max | S,u(2)], z on L) < y/ X

[7, p. 201] and [9, pp. 67 and 77]. Choose ¥ such that 0< Y<1 and
(5.3) lim sup (max |S,u)(2)|, z on L,)""® < y/X.
k
Let H be the set of all integers j such that Yn(k)<j<n(k) for some k. We first
examine the case K=1. Let M (1) and R(1) be defined by (3.2) and (3.3). Now

Ry(1)2 |Gy M(1) for all A and j, so (in the following six summations let k be the
smallest integer such that j<n(k))

n(k)

1/j n(k) 1/§
I Gl <ii ( R/ M[D)) -
msup (2, 1G,1) s timsup (3, RCOIMD)

From Theorem 4, lim sup,cy (M(1))"’=1 so

(k) 113 n(k) Lin(k)\ nik)/g
li G <l Ry(1 .
mipe [, 101) s imgee (2, 500) )

But lim sup (R,(1))}*=1 by Theorem 1, so

n(k) 1/n(k)
lim sup (Z Rh(l)) =1,
jeH h=7

and since 1 =n(k)/j<1/Y, we get

n(k) 1/
lim sup (Z |Gn1|) <L
A=y

jeH

Combining this result with (5.1), (5.2), (5.3) and (3.4) we get lim sup,., |4,|* < 1/X.
Then by Theorem 4, 3, A;P; converges compact-openly in E, where x
=1/lim sup,cy (|4])*” > X. This completes the proof of the theorem for the case
K=1. The proof for the general case follows from a consideration of (P,(Kz)) on
(1/K)E. This completes the proof of the theorem. See [6, p. 185] for the theorem in
the case E=the closed unit disk, P,(z)=2z".
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The converse theorem, for regular points of f, was also proved by Ostrowski for
the case E=the closed unit disk, P,(z)=2z" [5]. This converse theorem was general-
ized to include not only series, but also sequences of lacunary structure converging
to functions analytic on coregular sets, by I. Mosesson in his unpublished Harvard
thesis [4]. The following converse to Theorem 5 is therefore a special case of
Mosesson’s generalization. It also follows immediately from more general work
of Walsh.

THEOREM 6. Let f be analytic on E with modulus of analyticity X. Let P be effective
on E and suppose (1.1) is of lacunary structure with respect to n(k). Then (S,u,)
converges uniformly in a neighborhood of every regular point of f on Ly.

Proof. Let Y be a positive number <1 such that >, A;P; converges compact-
openly in E, for some x> X, where H is the set of all integers j such that Yn(k)
<j=n(k) for some k. For each k, let h(k) be the greatest integer < Yn(k). Let Z,
be any regular point of fon Ly. We may assume 4,;=0 for all jin H. Thus Sy, =Snu)
for all k. Let O be any compact continuum, not a single point, containing Z, and
contained in the complement of Ey, and let x=(max exp (F(z2)), z in O). Since
(S,) converges maximally on E,

lim sup (max |S,(2)|, zin O)*™ £ x/X
[8, p. 607]. Thus

lim sup (max | S,4)(2)|, z in 0)/~®
k

= limksup (max |Sy)(2)|, z in O)L/m®
= lim sup ((max | S,y (2)|, z in Q)Y@ < (x| XYY < x/X.
k

The theorem now follows from [7, p. 201].

COROLLARY Let P be effective on E and let f be analytic on E with modulus of
analyticity X. Let (A,) be defined by (1.1) and let n(k) be a sequence of positive
integers such that, for some positive number Y <1, n(k) < Yn(k+1). If A,=0 for all
n#n(k), then Ly is the natural boundary of f.

Proof. A-P cannot converge uniformly in any neighborhood of a point of Ly
([9, p. 83], see [4]). This completes the proof of the corollary.

See Bourion [2, pp. 6-13] for the definitions and theorems in this section, for the
case E=the closed unit disk, P,(z)=2z".

6. Examples. Let E be the coregular set of all points on and within a Jordan
curve and let P be a simple polynomial basis which is orthonormal with respect to
integration over E (or around the boundary of E), with any positive continuous
function W(z) allowed as weight function. If fis any function analytic on E with
modulus of analyticity X, then f can be expanded in the form (1.1), where

©.1) 4, = j W@f P dz
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(where P,(z)" is the complex conjugate of P,(z)), the convergence being absolute
and compact-open in Ex [9, pp. 91-97 and 128-130]. Let Q be any interpolation
basis for E and let G be defined by (3.1). If C, is the kth column of G then, by (6.1),

|Gni| < J(max W(z), z on E)(max |Py(z)|, z on E)(max |Q,(z)|, z on E),
where J is the area of E (or the length of L,). Thus by (3.4),
N(Cy) £ lim sup (max |Q,(2)|, zon E)!" = K

and so, by Theorem 2, P is effective on E.

The same proof applies to polynomial bases orthonormal over more general
coregular sets, with more general weight functions. Almost exactly the same proof
applies to the Faber polynomials belonging to an analytic Jordan curve. See
[3, pp. 86-87] for a definition of the Faber polynomials.

The zeros of an effective polynomial basis need not be very well behaved. In fact,
if (¢,) is any sequence of complex numbers, and E is any coregular set, then there
exists a simple polynomial basis P, effective on E, such that each ¢, is a zero of in-
finitely many of the P,.. To prove this, let (7}) be the sequence (¢,, t,, s, t1, 1o, L5, - . .)
and choose a sequence A(n) of positive integers such that A(n+1)=h(n)+2 and
lim sup, |T,|**™<1. Let Q be any interpolation basis belonging to E, with
0.2)=z—-2,)---(z—Z,). For k=h(n) let P(z)=(z—T,)Q._1(z), while for
k+#h(n) let Py(z)= Q,(2). If G is defined by (3.1) then G;;=1 for all j, and G,,=0
for j#k except when j=h(n) and k=h(n)—1, in which case G;;=T,—Z. It is
not hard to see directly from definition (3.3), and (3.4), that P is effective on E.
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